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Abstract

In 1953, Grothendieck proved a powerful inequality (GI) that he called “the fun-
damental theorem in the metric theory of tensor products”. A matrix version (MGI)
was given by Lindenstrauss-Pelczynski in 1968. It states that for F = R or C, there is
a finite constant K& > 0 such that for every d, m,n € N with d > min(m, n) and every
matrix A = (a;;) € F™*",
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The maximum on the left is taken over all d;,¢; € F of unit absolute value, i = 1,...,m,
7 =1,...,n, and the maximum in the middle is taken over all z;,y; € F? of unit norm.

The exact value of K&, which depends on the choice of F, remains unknown but the
best current upper and lower bounds are 1.67696 < K& < (m/2)log(1 +v/2) ~ 1.78221
and 1.33807 < K& < 1.40491.

Grothendieck showed, using his inequality, that one can factor a bounded linear

operator: C Ny through a Hilbert space: C LNy TN L, such that ||| |[¢| < K&|6]|.
The computational importance of MGI is that HAH]{’(X, is NP-hard to compute, while
| A||% is computable in polynomial time using semidefinite programming.

Our recent contributions are: First, [1], MGI for quaternions H and giving good
lower and upper bounds on K&. Second, [2], symmetric MGI for S™: n X n symmetric
matrices over R, or Hermitian matrices over C or H:
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KE < KE < KE < sinh(7/2) ~ 2.30130 over R,

=8/m —1a1.54648  over C.
Furthermore in [3] we give an elementary and unified exposition of the proof of MGI,
and in [4] we show that Grothendieck constant is norm of Strassen matrix multiplication
tensor.



References

[1] S. Friedland, Z. Lai, and L.-H. Lim, Haagerup bound for quaternionic Grothendieck
inequality, arXiv:2212.00208, 2022.

[2] S. Friedland and L.-H. Lim, Symmetric Grothendieck inequality, arXiv:2003.07345, 2020.

[3] S.Friedland, L.-H. Lim, and J. Zhang, An elementary and unified proof of Grothendieck’s
inequality, Enseign. Math., 64 (2018), no. 3/4, pp. 327-351.

[4] S. Friedland, L.-H. Lim, and J. Zhang, Grothendieck constant is norm of Strassen matrix
multiplication tensor, Numer. Math., 143 (2019), no. 4, 905-922

[5] A. Grothendieck, Résumé de la théorie métrique des produits tensoriels topologiques,
Bol. Soc. Mat. Sao Paulo, 8:1-79, 1953.

[6] J. Lindenstrauss and A. Pelczynski, Absolutely summing operators in L,-spaces and
their applications, Studia Math., 29:275-326, 1968.



